Introduction
Suppose Gi, G2, . . . , Gk are graphs of order at most n. We say that there is a packing of Gi, G2, . . . , G, into the complete graph K,, if there exist injections q : V(G,)+ V(K,), i = 1, 2, . . . , k such that aT(E(Gi)) fl (Y/*(E(G~)) = $ for i #j, where the map ar: : E(G,)-+ E(K,) .
IS induced by a;. Similarly, suppose G is a graph of order m and H is a graph of order n 2 m and there exists an injection (Y: V(G)+ V(H) such that a*(E(G)) fl E(H) = $, then we say that there is a packing of G into H, and in case n = m, we also say that there is a packing of G and H, or G and H are packable. Thus G can be packed into H if and only if G is embeddable in the complement d of H. However, there is a slight difference between embedding and packing. In the study of embedding of a graph into another graph, usually at least one of the two graphs is fixed whereas in the study of packing of two graphs very often both the graphs are arbitrarily chosen from certain classes of graphs. In this paper we shall concentrate mainly on some results on the following t\vo packing problems. The first one is on dense packings of trees of different sizes into K,,. The second one is on general packings of two graphs having small size. Some open problems in this area will also be mentioned.
We shall use the following notation and definitions. The order, the size and the maximum valency of a graph G are denoted by (GI, e(G) and A(G) respectively A tree, a star and a path of order i are denoted respectively by z, Si and 4. The tree obtained from S,_, (n 2 5) by inserting a new vertex on an edge is denoted by SA. The tree obtained from SA_,(n 3 6) by inserting a new vertex on the edge which is not incident with the vertex of maximum valency of S,'_, is denoted by Sz. We denote by S(6) the tree obtained from S, by adding two new vertices each of which is joined to one end-vertex of S,. The cycle of length m and the null graph of order r are denoted by C, and 0, respectively. The complete bipartite graph having bipartition VI and V2 such that 1 VII = m and IV,! = n is denoted by order n and size m is called an (n, m) graph. If ad is a packing of G into H, then the set of edges of H incident with at least one vertex of n(x), x E V(G), is said to be covered by G.
Before we give our survey, let us point out that it has been shown that to find an efficient algorithm to pack two general graphs G and H is an NP-hard problem (see Garey and Johnson [15; p. 641) . H owever, if one restricts G and H to some special kind of graphs, for instance, both G and H are trees, then there exist polynomial time algorithms for the packing of G and H (mentioned in Hedetniemi et al. [ 171) . Till now, the TPC is still open. However, the TPC has been proved valid for quite a few cases. We list some of the results below. (Hobbs and Kariraj; see Hobbs [18] ). Suppose each 7j, 2 pi in, with at most one exception, has diameter at most three. Then T2, T3, . . . , T, can be packed into K,.
Theorem 2.4 (Straight [26] ). Suppose for each T, 2 c i c n, with at most two exceptions, A(T) 2 i -2. Then T,, T3, . . . , T, can be packed into K,,.
Theorem 2.5 (Straight [26] ). Suppose for each K, 2~i =~n, with at most one exception, A( z:) 3 i -3. Then T2, T3, . . . , T, can be packed into K,,.
Theorem 2.6 (Straight [26] ). Suppose Li is a tree of order i shown in Fig. 1 . Then any sequence of trees T2, T3, . . . , T,,, where 27 E {Si, 4, Li}, can be packed into K,,.
Li, i even 
Li' i odd
Theorem 2.7 (Fishburn [14] ). Zf each T. is a double star, unimodal triple star, interior-3 caterpillar or thin-body spider, then T2, T3, . . . , T, can be packed into K,,.
(For definitions of the terms used in this theorem, see Yap [33] .) Straight [26] and Fishburn [14] verified that the TPC is true for all n c 9. The proof of Theorem 2.2 originally due to Gy&f& and Lehel was very complicated. A very nice, short proof of Theorem 2.2 has been found by Zaks and Liu [34] .
Since a resolution to the TPC is hard, we may look for some other aspects of a similar nature. The following is a result of such an attempt. The following are some results concerning dense packings of paths into complete bipartite graphs.
Theorem 2.9 (Zaks and Liu [34] ; Fink and Straight [13] ). Any sequence of paths P2, P4, . . . , P2,, can be packed into K,,,.
Theorem 2.10 (Zaks and Liu [34] ; Fink and Straight [13] ). For odd n, the sequence of paths P3, Ps, . . . , P2n+l can be packed into K,,,+,.
We note that the above results on dense packings of trees having different sizes into K,, have been applied in the study of packing sequences of integers into a matrix. For details, see Hobbs [19] .
Finally, we mention here another open conjecture on dense packing of trees.
Ringel's conjecture (Ringel [22] ). For any tree T, +1, there is a packing of 2n + 1 copies of T,,, into K2n+l.
Some progress on certain problems closely related to the Ringel's conjecture has been made. For details, we refer the readers to Huang and Rosa [20] and the references given therein.
3, Packing two graphs of small size
We next give a survey of the general packing of two graphs having small size.
Theorem 3.1 (Sauer and Spencer [23] The example that G = S,, and H = mK, shows that Theorem 3.1 is best possible. However, if neither G nor His a star, then perhaps, this theorem can be improved considerably.
The following theorem theorem was subsequently [2; P.4251).
was first announced by Catlin [9] . A proof of this given by Sauer and Spencer [23] (see also Bollob&s We remark that by Theorem 3.2, this conjecture is true when A(G) = 1. It is mentioned in Bollob& [2; P. 4261 that if this conjecture is true for A(G) = 2 then it would imply a theorem of Corradi and Hajnal ('On the maximal number of independent circuits in a graph,' Acta Math. Acad. Sci. Hungar. 14 (1963) 423-439) and that if this conjecture is true in general, then it would extend a theorem of Hajnal and SzemerCdi (Proof of a conjecture of ErdGs, in "Combinatorial Theory and its Applications", Vol. II (Eds., P. ErdGs, A. Renyi and V. T. S~S), Colloq. Math. Sot. Bolyai 4, North-Holland (1970), 601-623). For details, see Catlin [lo] .
We next consider the problem of packing two graphs G and H in which e(G) + e(H) is small. Milner and Welsh [21] noticed that if any two graphs G and H of order 12 such that e(G) + e(H) s [$(a -l)] are packable, then one can prove that the computational complexity of any graph property F has lower bound [@z -l)]. Th e y conjectured that e(G) + e(H) 6 [$(n -l)] is sufficient for the packing of two graphs G and H. This conjecture was proved by Sauer and Spencer [23] . A generalization of this result is given below. of order n, A(H), A(G) <n -1, e(H) + e(G) c 2n -3 and {H, G} is not one of the following pairs: {2K2, O1 U K3}, (0, U K3, K2 U KS}, {3K,, 02 U KJ, (0, U K,, 2K3), (2Kz U K3, 03 U K,), (0, U K',, Kz U 2K,) and (0, U K4, 3K3}. Then there is a packing of G and H.
The proof of the main packing theorem of Bollobas and Eldridge depends heavily on Lemma 3.4 given below. An alternative proof of Lemma 3.4 and a slight simplification of the original proof of Theorem 3.3 can be found in Teo [28] (see also Yap [33] ).
Lemma 3.4 (Bollobas and Eldridge [5]). Let T be a tree of order p and let G be a graph of order n. Suppose 2 4 2p d n (n 2 5), A(G) < n -1 and n -1 s e(G) s n + (n/p) -3. Then there is a packing of T and G such that T couers at least p + 1 edges of G and A( G -T) < n -p -1.
The main packing theorem of Bollobb and Eldridge extends an earlier result of Burns and Schuster [7] (who proved that every (n, n -2) graph can be embedded in itself). This theorem, in turn, has been extended to the case that e(H) + e(G) c 2n -2 where IZ = (HI = /Cl. The extension is carried out in several steps. A preliminary step is to show that any tree T of order n 3 5 can be packed into an (n, n -1) graph G. This result (Theorem 3.5) is due to Slater et al. [25] . It generalizes an earlier result of Hedetniemi et al. [17] . The original proof of Theorem 3.5 uses induction on n by deleting two vertices from both T and G, and as a result many cases (when n = 5, 6) have to be verified. An alternative proof of Theorem 3.5, using induction on n by deleting only one vertex from both T and G, was later given by Teo [28] (see also Yap [33] ). (Slater, Teo and Yap (251) . Let T be a tree of order n & 5 and let G be an (n, n -1) graph. Zf neither T nor G is a star, then there is a packing of T and G.
An extension of Theorem 3.5 were independently obtained by Schuster [24] as well as Teo and Yap [29] . The generalization is as follows. (Schuster [24] ; Teo and Yap [29] ). Suppose T is a tree of order n 2 5 and G is an (n, n) graph such that A(T), A(G) <n -1. Zf {T, G} f {P,, 0, U C,'}, {P,, O2 U K4}, {S(6), O2 U K4}, or if G = U Ci where i 3 4 for at least one i and T # SA or if G = kC3 and T # SA or Si, then there is a packing of T and G.
Our next step to extend the main packing theorem of Bollobas and Eldridge is to find the forbidden pairs for the packing of two (n, n -1) graphs G and H (Theorem 3.7). For n > 5, there are thirteen forbidden pairs. We shall adopt the notation shown in Fig. 2 . Theorem 3.7 (Teo and Yap [29] ). Suppose G and H ure two (n, n -1) graphs, n 2 5, which are not stars. Zf {G, H} is not one of the following thirteen pairs:
(1) {&UK37 P*UK,), (2) @UC& 01 U Cd>> (3) {G(5), 6 UC,}, We note that Theorem 3.7 generalizes an earlier result of Burns and Schuster [8] (who gave a complete characterization of packing an (n, n -1) graph, n 2 4, with itself) and Theorem 3.5.
The forbidden pairs {G, H} for packing two graphs G and H of order n for which e(G) + e(H) c 2n -2 have been completely determined.
Besides the forbidden pairs given in Theorems 3.3 and 3.7, there are thirty more such pairs. Because there are so many forbidden pairs, for simplicity, we shall state the result only for n 3 9. We require the notation shown in Fig. 3 . Theorem 3.8 (Teo and Yap [30] ). Suppose G and H are graphs of order n > 9 such that A(G), A(H) <II -1 and e(G) + e(H) 6 2n -2. Zf {G, H} is not one of the folio wing thirteen pairs :
{OfjU Kg, KZU3K3}, (07U Kg, 4&}, {O,US,-1, u C,}, {&U&_*, kC3) and {K3 U Sn_sr K3 U S,_,}, then G and H are packable.
Finally, we mention two results on packing two graphs G and H of sufficiently large order. Let t,_,(n) be the size of the Turan graph T,(n). Then t,_,(n) is approximately equal to k[l -l/(s -l)]n". Note that the example G = K, U O,_, and H = q_l(n) shows that Theorem 3.9 is best possible. Note that the example G = K,,, U On_-l-, and H = UC,,, shows that Theorem 3.10 is near to being best possible.
Further results, conjectures and open problems on the packing of two graphs can be found in Bollobas [2; and Bollobas and Eldridge [4, 5, 6] .
Miscellanea
In this section we mention a few results on some other packing problems. Burns and Schuster [7] proved that every (n, n -2) graph can be packed with itself. They also found all the forbidden (n, n -1) graphs G which cannot be packed with itself [S] . We have noted earlier that these results follow immediately from Theorems 3.3 and 3.7. In [12], Faudree et al. gave a complete characterization of packing (n, n) graphs (n 2 5) with itself. They also proved that if G is a graph of order n such that e(G) c $t -2, G #S, and G contains no cycles of length 3 or 4, then G can be packed with itself. Motivated by this result, they made the following conjecture.
Packing a graph with itself
Conjecture (Faudree, Rousseau, Schelp and Schuster [12] ). Each graph which is not a star and contains no cycles of length 3 or 4 as subgraphs is embeddable in its complement. Benhocine et al. [l] as well as Wojda and Wozniak [32] 
Packing digraphs

Some remarks on the Erdiis-S6s conjecture
In Section 2 we mentioned that a result of Erdos and Gallai [ll] confirms that the Erdiis-Sbs conjecture is true for T = Pk+l. The assumption that e(G) > 3]G ((k-1) . im pl ies that G has at least one vertex of valency k. Hence the Erdos-Sos conjecture is also true for T = S,,,. It is not difficult to prove that the Erdiis-S6s conjecture is also true for T = S;+i. It would be interesting to prove that the Erdos-S6s conjecture is true for some other types of trees.
In a recent paper, Zhou [35] proved that the Erdos-Sos conjecture is true for k = ICI -1. In fact, for the cases k = ICI -1 and k = ICI -2, the Erdos-Sos conjecture follows immediately from Theorem 3.5. To show this, we first note that if e(g) > iv(k -1) where v = JGJ, then e(G) < &J(V -k). Thus Erdos-Sos conjecture can be restated as follows.
Erdiis-S6s conjecture. Suppose G is a graph of order v and T is any tree of size k.
If e(G) < &J(V -k), then T and G are packable.
Now if k = u -1 or k = ZJ -2, then e(G) s ZJ -1. Hence, by Theorem 3.5 (we assume that T is not a star), if u 2 5, then T and G are packable. Thus Erdds-Sos conjecture is true for k = to -1 and k = TJ -2. (The case that Z.J 6 4 can be verified easily.)
The above proof technique for the case k 2 IJ -2 fails for other values of k. It would be interesting to develop a new proof technique to settle the case k=v-3.
In his lecture at this conference, Szemeredi [27] mentioned that M. Ajtai, J. Komlds and himself have used the Uniformity Lemma to prove that if G is a graph and e(G) > i JGI (k -l), then G contains any tree of order (1 -.z)k for small E and large k.
